This paper deals with a circuit modeling approach based on a normalization procedure in order to represent the system considering resonant parameters instead of real circuit parameters. The main advantages are the attainment of generalized solutions that do not depend on specifications, which allows the design of the converter without resorting to circuit level simulations. In this work, the fundamentals and the mathematical formulation of the normalized analysis are described. Furthermore, a multi-stage Class D-E DC-DC resonant converter is analyzed without simplifying assumptions used in other methodologies, such as, high loaded quality factor and fundamental component approximation. Experimental results are shown to verify the theoretical approach.
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I. INTRODUCTION
High efficiency power conversion systems are required in several applications, such as, wireless power transfer [1] - [4] , energy harvesting [5] - [7] and artificial lighting [8] - [11] . Miniaturization, high frequency operation and high efficiency are desired features in power conversion electronics [12] . However, to acquire improved performance, an adequate and well-defined methodology is mandatory, especially when resonant power conversion is used, which requires a good balance among complexity, accuracy and time-consuming. Normalization can be used as a technique to represent the system considering resonant parameters instead of real circuit parameters, such as inductances, capacitances and resistances, which allows the attainment of generalized solutions [13] . This work deals with the mathematical formulation of the normalized analysis considering its fundamentals, the implication in the descriptive models and the circuit modeling for resonant, pulse-width modulation and high-efficiency DC-DC converters. The main contributions of this work can be described as following:
• the fundamentals of the normalized analysis are explained in high-level of abstraction in order to show the influence of the main resonant parameters and the implication in the descriptive models;
• a mathematical formulation is used to formalize the concepts that are used in the methodology, such as: decomposing in resonant parameters, interdependence of resonant frequencies and equivalence transformation;
• analysis of the multi-stage Class D-E DC-DC converter in order to show the possibility of analysis without separating the rectifier and inverter subsystems.
In comparison with other methodologies, this work shows contributions because it does not resort to some simplifying assumptions, such as high loaded quality factor [14] and fundamental component approximation [15] - [17] . In addition, the normalized analysis provides analytical solutions that, in some cases, can be an useful tool to analyze complex systems and also can support design approaches based on circuit level simulations [18] . In the following, Section II shows the fundamentals of the normalized analysis. The mathematical formulation is performed in Section III. In Section IV, two circuits are analyzed in order to demonstrate the method. The design methodology is shown in Section V. Section VI deals with the experimental validation and some conclusions are drawn in Section VII.
II. FUNDAMENTALS OF NORMALIZED ANALYSIS
This section shows the main concepts of the methodology under study. An overview of the system representation (II-A), an explanation of the resonant parameters and its influence (II-B) and the implication in the descriptive models (II-C) are outlined in this section.
A. Overview of the system representation
The main goal is system representation in a manner that does not require the use of circuit parameters, such as inductances, capacitances and resistances. Therefore, dimensionless parameters are used in order to represent a power converter considering the resonance among reactive components. In general, circuits are composed by resistances R l , inductances L m capacitances C n , operating angular frequency ω and input source V in and I in , being l, m and n, the indexes to define the number of components. The circuit parameters are decomposed in resonant parameters using the following rules [13]: 1. the number of extracted normalized resonant frequencies is the number of reactive components minus 1. Multiple capacitors in parallel or multiple inductors in series count as one reactive component; 2. the circuit load generates one quality factor, while each losses resistance generates an extra quality factor.; 3. the relation between the input source and the load defines the system's inverse transfer power ratio. These concepts can be graphically explained in Figure. 1. As it can be seen, the normalized resonant frequencies A 1 , A 2 and A 3 , the quality factors Q 1 and Q 2 and the inverse transfer power ratio a are used to represent the system. 
B. Resonant parameters
The resonant parameters are: normalized resonant frequency A j , quality factor Q k and the inverse transfer power ratio a, being j and k the indexes to define the number of resonant parameters. The normalized resonant frequency can be defined as follows:
and ω the operating angular frequency. This parameter has influence on the converter waveforms by shaping them in a sinusoidal fashion. Furthermore, quantitatively, by increasing A j , component values decrease, which can be used in circuit miniaturization. Nevertheless, components optimization requires more effort. In this case, the normalized analysis methodology is able to include optimum operation boundary conditions, as it is going to be shown in the next sections. Consider a general power converter that operates with one period of linearly increasing inductor current i in , which ends at T 1 . In addition, a second resonant period that starts in T 1 , the influence of A 1 on the converter waveforms are shown in Figure. 2 for the inductor current and in Figure. 3 for output voltage. The quality factor can be defined as the ratio of the total electric energy stored in the circuit to the energy dissipate per cycle [19] . Nevertheless, considering its conceptual subjectivity, it can be advantageous to equate the quality factor as function of other circuit parameters. The quality factor can be equated for series and parallel output circuits as follows:
The inverse transfer power ratio a is used as an interface between the input source V in and I in with the load R. In normalized analysis, it can be calculated as follows: ωt Being v o (ωt) the output voltage normalized by the input voltage V in , which can be dependent of A j , Q k , a, ωt and the initial conditions. The term v o (ωt) V in is a time-dependent equation obtained from the solution of the differential equations from each operating mode. In addition, the interface between V in , I in and R can be represented by:
In essence, the resonant parameters A j , Q k and a can be used to obtain a dimensionless mathematical model that is independent of circuit parameters, which has implications on the design methodology.
C. Implications in the descriptive models
The aforementioned features of the resonance-based representation have implications for the descriptive models of the system design procedure. The main characteristic is that the real circuit parameters are omitted in exchange for more abstract parameters, which reduces the designer's perception of the converter. However, resonant parameters are suitable for parametric variation due to well-defined limit values. For example, in most of the cases, A j can be defined from 0.1 to 2.0 with steps of 0.1 for second/third order systems or 0.01 for high order systems, which gives a good understanding of the converter's behavior. It is because, the greater the number of reactive components, the more computational effort is required to solve the differential equations. Furthermore, in normalized analysis, circuit-level simulations are not required because the resonance-based representation leads to general time-domain normalized waveforms that are valid for any specification. As it can be seen in Figure. 3, the output voltage waveforms are results from the normalized analysis for different values of A j , which means that they are normalized by the input voltage and therefore are valid for any input specification.
III. MATHEMATICAL FORMULATION
In general, the normalized model can be described as a state-space model for each operating mode. The representation is shown as follows:
It is considered the state matrix E λ , input matrix F λ , output matrix G λ and transmission matrix H λ , where λ represents the index for the converter operating mode. It can be seen that the input and transmission matrices are not multiplied by the input as in conventional state-space models, which means that the system is normalized by the input source. A vector space composed by terms that represent the square roots of the stored energy in the reactive components is used in an equivalence transformation that allows to convert the circuit parameters terms into resonant parameters. In this work, the normalized analysis is mathematically formulated.
Axiom 1. The number of extracted normalized resonant frequencies is the number of reactive components minus 1.
Multiple capacitors in parallel or multiple inductors in series count as one reactive component.
The circuit load generates one quality factor, while each losses resistance generates an extra quality factor.
In the decomposing in resonant parameters scheme, there are several possibilities for the choice of the pair formed by L m and C n in most of the cases, specially in third and higher order systems. However, any pair can be chosen, as formulated as follows:
In the decomposing in resonant parameters, the resonant frequencies among reactive components are interdependent with each other. Proof. Consider a fourth order system, which means that three resonant frequencies should be extracted:
In addition, an extra frequency can be described as
. Now, taking (8) into the equation for ω 4 :
And then:
As a first example, consider the LCR circuit in Figure. 4. It is considered inductor L 1 , capacitor C 1 , resistance R 1 , inductor current i L 1 and capacitor voltage v C 1 .
In the normalization procedure, a state vector x(t) composed by the inductor current and the capacitor voltage, a new state vector composed by the square roots of the stored energy in the reactive components and a normalized output vector are defined by:
Being, I in the input current and V in the input voltage. It can be seen that the output vector is normalized by the input source.
Axiom 3. The terms of the output vector are normalized by the input current or input voltage considering current variables or voltage variables, respectively.
Considering x(t) and x e (t) in their diagonal matrix form, an equivalence transformation P can be found by:
Matrix P should be used to model the system considering the new state vector based on the square roots of the stored energy in the reactive components. First the system is represented considering the state vector x(t) and the output vector y(t):
Then, new state-space matrices are equated as follows:
x e (ωt) = 1 (17) indicates that the system is normalized by the operating angular frequency, which means that the independent variable, time t was modified to ωt.
Lemma 2. The multiplication of a scalar ω by the independent variable from the differential operator is considered a scalar by a vector multiplication, which maintains the function waveform. Proof. Consider time t, which is the independent variable from the differential operator, as a vector and x(t), any mathematical function. Multiplying t by a scalar ω, a new function, x(ωt) is obtained. Both x(t) and x(ωt) have the same waveform fashion, even with modification in values of abscissa, which means that the function behavior is preserved.
In (18), the term 1/( √ 2L 1 ω) should be equal to 1, which can be performed as follows:
This modification results on a state vector represented by:
It can be seen that x e (ωt) appears being composed by constants. However, when solving the state-space equations, the states shown in (20) are fictitious representations that are solved as dynamical quantities that depend on ωt.
Equating (17) considering (20):
The same procedure is used in (13):
The mathematical model in (21) and (23) can be described as function of resonant parameters to a dimensionless model achievement.
Theorem 1.
A generic system described by a statespace model x(t) = Ax(t) + Bu and y(t) = Cx(t) + Du can be represented as a dimensionless model normalized by the input source and the operating frequency by using the transfer power ratio and the resonance among the reactive components.
Proof. Considering Axiom 1 and Axiom 2, a circuit can be interpreted by means of the resonance among reactive components and the circuit quality factor. Considering Lemma 2, a system can be normalized by the operating angular frequency. An equivalence transformation P can be used to modify the vector space of a system, also, it can be used to normalize the system in relation to the input source, as shown in (19), (20) and (21), which does not interfere in the state matrix. The circuit parameters used in (21) can be convert to resonant dimensionless parameters using (2), (3), (5) and (8):
The system described in (21) and (23) can be represented in the format in (6) and (7):
It is important to note that other relations are formed considering high order converters.
Furthermore, each operating mode should be equated separately and solved considering initial and boundary conditions. The initial conditions are the initial inductor currents and initial capacitor voltages, i L 1 (0)...i L m (0) and v C 1 (0)...v C n (0). The normalized system in (6) for the first mode of the converter (mode I) returns i L 1 (ωt)...i L m (ωt) and v C 1 (ωt)...v C n (ωt), which are equations that depend on A na , Q nq and ωt, in which, na goes from 1 to n A j and nq goes from 1 to n Q k , being n A j and n Q k the number of normalized resonant frequencies and the number of quality factors, respectively. The end of mode I occurs in ωt, then, it should be replaced by t 1 . The equations from the solution of mode I should be used as initial conditions for mode II, described by i L 1 (t 1 )...i L m (t 1 ) and v C 1 (t 1 )...v C n (t 1 ). The solution of this system returns i L 1 (ωt)...i L m (ωt) and v C 1 (ωt)...v C n (ωt), which are equations that depend on A na , Q nq , ωt, i L 1 (0)...i L m (0) and v C 1 (0)...v C n (0). Again, ωt should be replaced by t 2 − t 1 , which identifies the duration of mode II. All operating modes should be solved. However, as long as the power converters are ruled by the duty cycle D c , it should be used to replace ωt at the time that occurs the switch turn off. The initial conditions for the mode in which the switch turns off are identified by i L 1 (D c 2π)...i L m (D c 2π) and v C 1 (D c 2π)...v C n (D c 2π). For the last operating mode, the initial conditions are identified by
The solution of this system returns i L 1 (2π)...i L m (2π) and v C 1 (2π)...v C n (2π), which are equations that depend on A na , Q nq , t 1 .
, in which z goes from 1 to λ − 1. The number of resulting variables n vr is described as follows:
The system in (6) is symbolically solved and it is used to solve (7) numerically. A parametric variation should be adopted, for example, duty cycle D c can be varied from 0.1 to 0.9 and the quality factors or the normalized resonant frequencies are defined in order to find the initial conditions. Considering the steady-state operation, the final conditions of the last operating mode should be equal to the initial conditions of the first operating mode. The linear system can be described in (27) at the top of the next page.
IV. CIRCUIT ANALYSIS
A. Resonant and PWM converters
As shown in Section II, the normalized resonant frequency A j influences the waveforms fashion. This concept can be applied directly in resonant converters analysis in order to obtain time-domain waveforms. In addition, it can be applied in PWM converters analysis. However, as A j increases, the waveforms for some operating mode can take sinusoidal fashion, which can be characterized as a resonant mode. In this subsection, a DCM (discontinuous conduction mode) Boost converter, shown in Figure. (6) and (7) , is described by: x e (t) =
The normalized state equations for the first operating mode should be solved considering the initial conditions for inductor current and capacitor voltage, i L 1 (0) and v C 1 (0). The solution of this mode is used as initial conditions for the second mode. The system to be solved is described as follows:
By sweeping D c and defining Q 1 and A 1 , the initial conditions can be found for any operating point by using a numerical method. Then, the output equations should be solved in order to obtain normalized time-domain steady state waveforms for the converter. Considering D c = 0.25, the normalized waveforms for the DCM Boost converter are shown in Figure. 6 for Q 1 = 25 and A 1 = 0.1 and in Figure. 7 for Q 1 = 25 and A 1 = 1.8.
B. High-efficiency DC-DC resonant converters
A DC-DC resonant converter can be obtained by cascading a resonant inverter and a resonant rectifier. An example is the Class D-E converter that has some of its first appearances in literature in [19] , [20] . The Class D-E converter is shown in Figure. 8, in which, V in is the input source; L 1 , L 2 are the inductors; C 1 , C 2 and C 3 are the capacitors; S 1 and S 2 are the switches; D is the rectifier diode; R 1 is the load and i S 1 , i S 2 , The converter has five reactive components, which leads to four resonant frequencies that can be described by:
The normalized resonant frequencies are:
The circuit quality factor can be used as function of ω 1 :
The system can be represented by (6) and (7) . However, in this case, the system to be solved needs some optimization considerations to improve its operation. The state vector is equated by:
At the diode D turn-off, i C 2 is zero, which allows a soft turn-off condition. The diode D turns off at zero dv/dt, which can be used as a condition for the system solver described as (A 1 /A 2 )i L 1 (T 2 ) = i L 2 (T 2 ). The term (A 1 /A 2 ) is necessary because the states are described in a normalized state-space model. In addition, the diode turns on at low dv/dt. In this case, the condition is v C 2 (T 1) = 0. By using the methodology, the normalized time-domain steady state waveforms can be found. As aforementioned, the advantage of the normalized
. . . 
Class D Inverter
Class E Rectifier model is that the system can be analyzed without resorting to simplifying assumptions, such as high loaded quality factor and fundamental component sinusoidal approximation. The normalized waveforms for D c = 0.5, A 1 = 0.87, A 2 = 0.09, A 3 = 0.11 and A 4 = 0.01 are shown in Figure. 9 for Q 1 = 10 and in Figure. Figure. 11. It can been seen in Figure. 11(a) that the transfer power ratio T POT is higher for A 1 = 0.8 because it is closer to the resonance frequency. The switch S 1 peak current and diode D peak current are shown in Figure. Figure. 11(d) . The transfer power ratio, diode turn-on time, diode turn-off time and capacity C p , which is defined as the inverse of the multiplication of current and voltage peak values, as function of Q 1 are shown in Figure. 11(e)-(h), respectively. These curves can be used to analyze the converter behavior without resorting to circuit-level simulations. Furthermore, the results can be stored in a database and used to design the real circuit parameters based on the resonant parameters.
V. DESIGN METHODOLOGY
Equations 1, 2 and 3 are used to derive the design equations. For the Class D-E converter, the reactive components can be designed by: There are several possibilities to design the converter. First, some specifications should be defined, such as input voltage V in , output power P o and operating frequency f .
Considering the results for any operating point that are obtained with the normalized analysis, the resonant parameters, A 1 , A 2 , A 3 , A 4 and Q 1 are used regarding a selected duty cycle D c or transfer power ratio T POT . The relation V o = √ T POT V in is used as the interface between the output voltage V o and V in .
In conventional design methodologies, the output ripple is used to design the output capacitor. In the present work, for the Class D-E converter, A 4 is the main parameter used to design the output capacitor. In this case, reducing the value of A 4 increases the value of C 3 and reduces the output ripple. However, as long as the proposed methodology obtains normalized waveforms previously, as shown in Figure. 9 and Figure. 10, the designer is able to select the output ripple based on them, ensuring that they are valid for any input and operating frequency. A design example is going to be considered. By selecting D c = 0.5 and Q 1 = 10, the resonant parameters are A 1 = 0.87, A 2 = 0.09, A 3 = 0.11, A 4 = 0.01 and T POT = 0.044. The design specifications and parameters are shown in Table I .
In order to obtain the dimensional values, the peak values from the normalized waveforms should be multiplied by V in or I in for voltage or current circuit variables, respectively. As an example, the inductor L 1 current normalized peak value in Figure. 9(a) is 6.06. Therefore, 6.06 × I in = 6.06 × 0.05 = 0.303 A. The same procedure was performed for the other circuit variables and validated by SPICE simulations. This dimensional analysis in summarized in Table II . 
VI. EXPERIMENTAL VALIDATION
In order to validate the theoretical approach, the Class D-E DC-DC converter designed in Section V was implemented. For the experimental validation, the specifications and design parameters are shown in Table I . The diode voltage is shown in Fig. 12 , in which the zero-derivative switching can be observed. The switches S 1 and S 2 voltages are shown in Fig. 13 . The resonant current i L 1 and resonant voltage v S 2 are shown in Fig. 14. One can see that the resonant current is lagged in relation to the resonant voltage that becomes zero before the current becomes zero, which ensures zero-voltage switching. Finally, the output voltage is shown in Fig. 15 . When operating in high frequencies, the switches capacitances play a role and they can be included in the theoretical analysis. Although, including extra reactive components leads to extra normalized resonant frequencies.
Therefore, higher computational effort is required in order to achieve more accurate results when solving the normalized state-space equations.
VII. CONCLUSION
This paper has presented a formalization of an analysis methodology for power electronic converters based on the system representation by resonant parameters. The fundamentals of the normalized analysis, a mathematical formulation and circuit analysis for the DCM Boost converter Fig. 15 . Experimental result for output voltage, v o (5V /div; 5 µs/div). and the Class D-E converter were explored in order to show the theoretical development. The main advantage of the normalized analysis is that the system can be represented by dimensionless resonant parameters, which allows the obtainment of generalized time-domain waveforms for any operating point and specifications. The contributions of this paper are the mathematical formalization of the normalization procedure and the demonstration of the multi-stage Class D-E resonant converter, which is analyzed without separating the inverter from the rectifier stage and without resorting to some simplifying assumptions, such as, high loaded quality factor and sinusoidal approximation. Experimental results for the Class D-E converter are shown to validate the theoretical approach. The results can be used to design high efficiency power converters that are ubiquitous in several applications, such as, battery charges, lighting systems and wireless power transfer.
